We introduce a natural conjugate prior for the transition matrix of a reversible Markov chain. This allows estimation and testing. The prior arises from random walk with reinforcement in the same way the Dirichlet prior arises from Pólya's urn. We give closed form normalizing constants, a simple method of simulation from the posterior and a characterization along the lines of W. E. Johnson's characterization of the Dirichlet prior. This paper develops tools for a Bayesian analysis of the transition probabilities, stationary distribution and future prediction of a reversible Markov chain. We observe X 0 = v 0 , X 1 = v 1 , . . . , X n = v n from a reversible Markov chain with a finite state space V . Neither the stationary distribution ν(v) nor the transition kernel k(v, v ′ ) is assumed known. Reversibility entails
Introduction. Modeling with Markov chains is an important part of time series analysis, genomics and many other applications. Reversible
Markov chains are a mainstay of computational statistics through the Gibbs sampler, Metropolis algorithm and their many variants. Reversible chains are widely used natural models in physics and chemistry where reversibility (often called detailed balance) is a stochastic analog of the time reversibility of Newtonian mechanics. This paper develops tools for a Bayesian analysis of the transition probabilities, stationary distribution and future prediction of a reversible Markov chain. We observe X 0 = v 0 , X 1 = v 1 , . . . , X n = v n from a reversible Markov chain with a finite state space V . Neither the stationary distribution ν(v) nor the transition kernel k(v, v ′ ) is assumed known. Reversibility entails ν(v)k(v, v ′ ) = ν(v ′ )k(v ′ , v) for all v, v ′ ∈ V . We also assume we know which transitions are possible [for which v, v ′ ∈ V is k(v, v ′ ) > 0].
In Section 2 we introduce a family of natural conjugate priors. These are defined via closed form densities and by a generalization of Pólya's urn to random walk with reinforcement on a graph. The density gives normalizing constants needed for testing independence versus reversibility or reversibility versus a full Markovian specification. The random walk gives a simple method of simulating from the posterior (Section 4.5).
Properties of the prior are developed in Section 4. The family is closed under sampling (Proposition 4.1). Mixtures of our conjugates are shown to be dense (Proposition 4.5). A characterization of the priors via predictive properties of the posterior is given (Section 4.2).
A practical example is given in Section 5. Several simple hypotheses are tested for a data set arising from the DNA of the human HLA-B gene. Section 5 also contains remarks about statistical analysis for reversible chains.
A class of prior distributions.
We observe X 0 = v 0 , X 1 = v 1 , . . . , X n = v n from a reversible Markov chain with a finite state space V and unknown transition kernel k(·, ·).
Let G = (V, E) be the finite graph with vertex set V and edge set E defined as follows: e = {v, v ′ } ∈ E (i.e., there is an edge between v and v ′ ) if and only if k(v, v ′ ) > 0. We assume that k(v, v ′ ) > 0 iff k(v ′ , v) > 0. In particular, all edges of G are undirected and an edge is denoted by the set of its endpoints. For some vertices v, we may have k(v, v) > 0. Define the simplex ∆ := x = (x e ) e∈E ∈ (0, 1] E :
Remark 2.1. The distribution of a reversible Markov chain can be described by putting on the edge between v and v ′ the weight x {v,v ′ } := ν(v)k(v, v ′ ) = ν(v ′ )k(v ′ , v). If the weights are normalized so that e∈E x e = 1, this is a unique way to describe the distribution of the Markov chain. A transition from v to v ′ is made with probability proportional to the weight x {v,v ′ } .
Denote by Q v 0 ,x the distribution of the Markov chain induced by the weights x = (x e ) e∈E ∈ ∆ which starts with probability 1 in v 0 . Using this notation, our assumption says that the observed data comes from a distribution in the class Q := {Q v 0 ,x : v 0 ∈ V, x ∈ ∆}. (2) 2.1. A minimal sufficient statistic. If the endpoints of an edge e agree, we call e a loop. Let E loop := {e ∈ E : e is a loop}. (3) For an edge e, denote the set of its endpoints byē. For x = (x e ) e∈E ∈ (0, ∞) E and a vertex v, define x v to be the sum of all components x e with e incident to v, 3 In sums such as this the sum is over edges including loops.
Let π := (π 0 , π 1 , . . . , π n ) be an admissible path in G. Define k v (π) := |{i ∈ {1, 2, . . . , n} : (v, π i ) = (π i−1 , π i )}| for v ∈ V, (5)
That is, k v (π) equals the number of times the path π leaves vertex v; for an edge e which is not a loop, k e (π) is the number of traversals of e by π, and for a loop e, k e (π) is twice the number of traversals of e. Recall that the edges are undirected; hence, k e (π) counts the traversals of e in both directions. Set
Proof. Let π be an admissible path in G. In order to prove that (k e (Z n )) e∈E is a sufficient statistic, we need to show that
does not depend on x. If π does not start in v 0 , (8) equals zero. Otherwise, we have
It is not hard to see that k v (π) can be expressed in terms of the k e (π) and the first observation v 0 . Hence, the Q v 0 ,x -probability of π depends only on k e (π), e ∈ E, and v 0 . Thus, (8) equals one divided by the number of admissible paths π ′ with starting point v 0 and k e (π ′ ) = k e (π) for all e ∈ E, which is independent of x.
Suppose K := (k e ) e∈E is not minimal. Then there exists a sufficient statistic K ′ which needs less information than K. Consequently, there exist two admissible paths π and π ′ starting in v 0 such that Since by assumption (k e (π)) e∈E = (k e (π ′ )) e∈E , the last quantity depends on x. This contradicts the fact that K ′ is a sufficient statistic.
Definition of the prior densities.
Our aim is to define a class of prior distributions in terms of measures on ∆. We prepare the definition with some notation. We illustrate the definitions by considering a three state process with states {1, 2, 3}, all transitions possible, but no holding. This leads to the graph in Figure 1 .
Denote the cardinality of a set S by |S|. Recall the definition (3) of the set E loop . Set
For the three state example, m = l = 3. Remark 2.3. There is a simple way to delineate a generating set of cycles of G. We call a maximal subgraph of G which contains all loops but no cycle a spanning tree of G. Choose a spanning tree T . Each edge e ∈ E \ E loop which is not in T forms a cycle c e when added to T . (By definition, a loop is never a cycle and never contained in a cycle.) There are m − l + 1 such cycles and we enumerate them arbitrarily: c 1 , . . . , c m−l+1 . This set of cycles forms an additive basis for the homology H 1 and also serves for our purposes.
For the three state example, we may choose T to have edges {1, 2} and {1, 3}. Then there is one cycle c 1 oriented (say) 1 → 2 → 3 → 1. In Section 3.4 we show how such a basis of cycles can be obtained for the complete graph.
In general, the first Betti number β 1 is the dimension of H 1 . For the complete graph, β 1 (K n ) = n−1 2 . Further details can be found in [8] , Section 1.16. Definition 2.4. Orient the cycles c 1 , . . . , c m−l+1 and all edges e ∈ E in an arbitrary way. For every x ∈ ∆, define a matrix A(x) = (A i,j (x)) 1≤i,j≤m−l+1 by
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where the signs in the last sum are chosen to be +1 or −1 depending on whether the edge e has in c i and c j the same orientation or not.
In the three state example, the matrix A(x) is 1 × 1 with entry x
Recall the definition (4) of x v . Similarly, define a v for a := (a e ) e∈E ∈ (0, ∞) E . The main definition of this section (the conjugate prior) follows. Definition 2.5. For all v 0 ∈ V and a := (a e ) e∈E ∈ (0, ∞) E , define
For the three state example with parameters x {1,2} = x, x {2,3} = y, x {1,3} = z, a {1,2} = a, a {2,3} = b, a {1,3} = c, and v 0 = 1, the prior density φ is
with the normalizing constant Z given by
A derivation of the formula for the density in this special case can be found, for example, in [12] . The density for the triangle with loops is given in (31).
The following proposition shows that the definition of φ v 0 ,a is independent of the choice of cycles c i used in the definition of A(x). 
Proof. This identity is proved for graphs without loops in [14] , page 145, Theorem 3 ′ . By definition, A(x) does not depend on x e , e ∈ E loop . Furthermore, since every spanning tree contains all loops, the right-hand side of (17) does not depend on x e , e ∈ E loop either. In particular, both sides of (17) are the same for G and the graph obtained from G by removing all loops; hence, they are equal.
The prior density φ v 0 ,a arises in a natural extension of Pólya's urn. We treat this topic next.
2.3.
Random walk with reinforcement. Let σ denote the Lebesgue measure on ∆, normalized such that σ(∆) = 1. The measures φ v 0 ,a dσ on ∆ arise in the study of edge-reinforced random walk, as was observed by Coppersmith and Diaconis; see [3] . Let us explain this connection: Definition 2.7. All edges of G are given a strictly positive weight; at time 0 edge e has weight a e > 0. An edge-reinforced random walk on G with starting point v 0 is defined as follows: The process starts at v 0 at time 0. In each step, the random walker traverses an edge with probability proportional to its weight. Each time an edge e ∈ E \ E loop is traversed, its weight is increased by 1. Each time a loop e ∈ E loop is traversed, its weight is increased by 2.
Denote the set of nonnegative integers by N 0 . Let Ω be the set of all (v i ) i∈N 0 ∈ V N 0 such that {v i , v i+1 } ∈ E for all i ∈ N 0 . Let X n : V N 0 → V denote the projection onto the nth coordinate. Recall that Z n = (X 0 , X 1 , . . . , X n ). Denote by P v 0 ,a the distribution on Ω of an edge-reinforced random walk with starting point v 0 and initial edge weights a = (a e ) e∈E .
Remark 2.8. Let α e (Z n ) := k e (Z n )/n be the proportion of traversals of edge e up to time n. For a finite graph without loops, it was observed by Coppersmith and Diaconis that α(Z n ) := (α e (Z n )) e∈E converges almost surely to a random variable with distribution φ v 0 ,a dσ; see [3] and also [13] . In particular, φ v 0 ,a dσ is a probability measure on ∆. This fact is not at all obvious from the definition of φ v 0 ,a .
It turns out that an edge-reinforced random walk on G is a mixture of reversible Markov chains, where the mixing measure described as a measure on edge weights (x e ) e∈E is given by φ v 0 ,a dσ. This is made precise by the following theorem. Theorem 2.9. Let (X n ) n∈N 0 be an edge-reinforced random walk with initial weights a = (a e ) e∈E starting at v 0 , and let Z n = (X 0 , X 1 , . . . , X n ). For any admissible path π = (v 0 , . . . , v n ), the following holds:
here x := (x e ) e∈E . Hence, if Q v 0 ,a is the mixture of Markov chains where the mixing measure, described as a measure on edge weights (x e ) e∈E , is given by φ v 0 ,a dσ, then
Proof. If G has no loops, then the claim is true by Theorem 3.1 of [16] . Let G be a graph with loops. Define a graph G ′ := (V ′ , E ′ ) as follows: Replace every loop of G by an edge of degree 1 incident to the same vertex (see Figure 2 ). More precisely, for all e ∈ E loop , let v(e) be the vertex e is incident to and let v ′ (e) be an additional vertex, different from all the others. Then, set g(e) := {v(e), v ′ (e)} and
The graph G ′ has no loops and the claim of the theorem is true for G ′ .
Let P ′ v 0 ,b be the distribution of a reinforced random walk on G ′ starting at v 0 with initial weights b = (b e ′ ) e ′ ∈E ′ defined by
if e ′ = g(e) for some e ∈ E loop . (22) Any finite admissible path π = (π 0 = v 0 , π 1 , . . . , π n ) in G can be mapped to an admissible path a traversal of the edge g(e) back and forth in π ′ ]. The probability that the reinforced random walk on G traverses π agrees with the probability that the reinforced random walk on G ′ traverses π ′ . [Note that for G and G ′ the following is true: Between any two successive visits to v(e), the sum of the weights of all edges incident to v(e) increases by 2.] Since the claim of the theorem is true for G ′ , it follows that
where φ ′ v 0 ,b denotes the density corresponding to G ′ , starting point v 0 and initial weights b. We claim that the right-hand side of (23) equals
Note that a traversal of e ∈ E loop contributes x e /x v(e) to the integrand in (24), whereas a traversal of (v(e), v ′ (e), v(e)) contributes x g(e) /x v(e) to the integrand in (23). Furthermore, e ∈ E loop contributes
to φ v 0 ,a , whereas the contribution of the edge g(e) and the vertex v ′ (e) to the density
Finally, |V | + |E loop | = |V ′ | and |E| = |E ′ |. Consequently, the expression in (24) agrees with the right-hand side of (23) and the claim follows.
3. The prior density for special graphs. In this section we write down the densities φ v 0 ,a for some special graphs. Recall that the density of the beta distribution with parameters b 1 , b 2 > 0 is given by
and p := (p i ) 1≤i≤n−1 . Clearly, p i is the probability that the Markov chain with edge weights z i makes a transition to i − 1 given it is at i. If we make the change of variables (28) in the density φ v 0 ,a , then we obtain the transformed density φ v 0 ,a (p) given by
here the empty product is defined to be 1. With the change of variables (28), the conjugate prior can be described as a product of independent beta variables with carefully linked parameters. If loops are allowed, the edge weights are independent Dirichlet by a similar argument (see Section 3.2). The next example contains a generalization. 
Trees with loops.
Recall that the density of the Dirichlet distribution with parameters
Let T = (V, E) be a tree. Suppose that there is a loop attached to every vertex, that is, {v} ∈ E for all v ∈ V . Let v 0 ∈ V . For every v ∈ V \ {v 0 }, there exists a unique shortest path from v 0 to v. Let e(v) be the unique edge incident to v which is traversed by the shortest path from v 0 to v. Let E v := {e ∈ E : v ∈ē} be the set of all edges incident to v. Set
p := (p e ) e∈E , and p v := (p e ) e∈Ev . If we make the change of variables (30) in the density φ v 0 ,a , the transformed density
Thus again, in the reparametrization (30), the conjugate prior is seen as a product of independent random variables. This is not true in the following example.
The fact that the density φ v 0 ,a for a tree has this particular form was first observed by Pemantle [15] .
3.3. The triangle. Consider the triangle with loops attached to all vertices. Let the vertex set be V = {1, 2, 3} and the edge set E = {{1}, {2}, {3}, {1, 2}, {1, 3}, {2, 3}} (see Figure 4) . Let b i be the initial weight of the loop at vertex i and let c i be the initial weight of the edge opposite of vertex i. Similarly, let y i := x {i} and let
(31) To calculate Z 1,a from (14) , use the identity
3.4. The complete graph. Perhaps the most important example is where all transitions are possible. This involves the complete graph K n on n vertices with loops attached to all vertices. Let V = {1, 2, 3, . . . , n}. Let T n be the spanning tree with edges {1, i} and loops {i}, 1 ≤ i ≤ n. This spanning tree induces the basis of cycles given by all triangles (1, i, j), 2 ≤ i < j ≤ n. Figure 5 shows K 3 , K 4 and K 5 together with T 3 , T 4 and T 5 .
We remark that a different basis of cycles is given by (i, i + 1, j) for 1 ≤ i < j + 1 ≤ n. This may be proved by induction using the Mayer-Vietoris decomposition theorem based on K n−1 and a point.
Let a = (a {i,j} ) 1≤i,j≤n be given. For K n , set b i := a {i} , a i = n j=1 a {i,j} and b := 1≤i,j≤n a {i,j} . The variables of the simplex are x = (x {i,j} ) 1≤i,j≤n . Abbreviating y i := x {i} and x i = n j=1 x {i,j} , the density φ 1,a is given by
with A n (x) defined in (12) and
4. Properties of the family of priors. For v 0 ∈ V and a = (a e ) e∈E ∈ (0, ∞) E , abbreviate
that is, P v 0 ,a is the measure on ∆ with density φ v 0 ,a . Recall that Q v 0 ,a denotes the mixture of Markov chains where the mixing measure, described as a measure on edge weights (x e ) e∈E , is given by P v 0 ,a . In this section we study properties of the set of prior distributions
4.1. Closure under sampling. Recall the definition (6) of k e (π) and recall that Z n = (X 0 , . . . , X n ). 
. . , X n = v n , the posterior is given by P vn,(ae+ke(Zn)) e∈E . In particular, the family D is closed under sampling.
Proof. Suppose the prior distribution is P v 0 ,a and we are given n + 1 observations π = (π 0 , π 1 , . . . , π n ) sampled from Q v 0 ,a . Then π 0 = v 0 . We claim that the posterior is given by P πn,(ae+ke(π)) e∈E . By Theorem 2.9, Q v 0 ,a = P v 0 ,a . The P v 0 ,a -distribution of {X n+k } k≥0 given Z n = π is the distribution of an edge-reinforced random walk starting at the vertex π n with initial values a e + k e (π). Using the identity (19) again, it follows that the P v 0 ,adistribution of {X n+k } k≥0 given Z n = π equals Q πn,(ae+ke(π)) e∈E . Thus, the posterior equals P πn,(ae+ke(π)) e∈E , which is an element of D.
4.2.
Uniqueness. In this section we give a characterization of our priors along the lines of W. E. Johnson's characterization of the Dirichlet prior. See [18] [7] and Diaconis and Freedman [4] . See also [6] . Definition 4.2. Two finite admissible paths π and π ′ are called equivalent if they have the same starting point and satisfy k e (π) = k e (π ′ ) for all e ∈ E. We define P to be partially exchangeable if P (Z n = π) = P (Z n = π ′ ) for any equivalent paths π and π ′ of length n.
For n ∈ N 0 and v ∈ V , define
It seems natural to take a class P of distributions for (X n ) n∈N 0 with the following properties:
P1. For all P ∈ P, there exists v 0 ∈ V such that P (X 0 = v 0 ) = 1. P2. For all P ∈ P, v 0 as in P1, and any admissible path π of length n ≥ 1 starting at v 0 , we have P (Z n = π) > 0. P3. Every P ∈ P is partially exchangeable. P4. For all P ∈ P, v ∈ V and e ∈ E, there exists a function f P,v,e taking values in [0, 1] such that, for all n ≥ 0,
The condition P4 says that, given X 0 , X 1 , . . . , X n , the probability that X n+1 = v depends only on the following quantities: the observation X n , the number of times X n has been observed so far, the edge {X n , v} and the number of times transitions between X n and v (and between v and X n ) have been observed so far.
We make the following assumptions on the graph G:
G2. The graph G is 2-edge-connected, that is, removing an edge does not make G disconnected.
For example, a triangle with loops or the complete graph K n , n ≥ 4, with or without loops, satisfies G1 and G2, while a path fails both G1 and G2.
Recall that Q v 0 ,x is the distribution of the reversible Markov chain starting in v 0 , making a transition from v to v ′ with probability proportional to x {v,v ′ } whenever {v, v ′ } ∈ E. Theorem 4.3. Suppose the graph G satisfies G1 and G2.
(a) The set M := {Q v 0 ,a : v 0 ∈ V, a = (a e ) e∈E ∈ (0, ∞) E } satisfies P1-P4.
(b) On the other hand, if P1-P4 are satisfied for a set P of probability distributions, then for all P ∈ P there exist v 0 ∈ V and a ∈ (0, ∞) E such that either
The second part of the theorem states that either P and Q v 0 ,a or P and Q v 0 ,a essentially agree; only the conditional probabilities to leave from a state which has been visited at most twice could be different.
Proof of Theorem 4.3. It is straightforward to check that M has the properties P1-P4. For the converse, let P ∈ P. If G has no loops, then Theorem 1.2 of Rolles [16] implies that there exist v 0 ∈ V and a ∈ (0, ∞) E such that either (39) holds or P (X n+1 = v|Z n , k n (X n ) ≥ 3) = P v 0 ,a (X n+1 = v|Z n , k n (X n ) ≥ 3) for all n. In this case, the claim follows from (19) .
If G has loops, consider the graph G ′ defined in the proof of Theorem 2.9 and the induced process X ′ := (X ′ n ) n∈N 0 on G ′ with reflection at the vertices v ′ (e), e ∈ E loop . The process X ′ satisfies P1-P4. Hence, the claim holds for X ′ and, consequently, for (X n ) n∈N 0 . Proof. For an infinite admissible path π = (π 0 , π 1 , π 2 , . . . ) in G, define α(π) := (α e (π)) e∈E by α e (π) := lim n→∞ k e (π 0 , π 1 , . . . , π n )/n to be the limiting fraction of crossings of the edge e by the path π. Let Z ∞ := (X 0 , X 1 , X 2 , . . . ).
Note that α(Z ∞ ) is defined Q v 0 ,a -a.s. Define τ n to be the nth return time to v 0 . Since G is finite, τ n < ∞ Q v 0 ,a -a.s. for all n ∈ N and all a ∈ (0, ∞) E .
Let f : ∆ → R be bounded and continuous. Denote the expectation with respect to Q v 0 ,a by E v 0 ,a . Since X τn = v 0 , Theorem 2.9 implies that
Clearly, (M n ) n≥0 is a bounded martingale. Hence, by the martingale convergence theorem,
Q v 0 ,a -a.s.; here δ b denotes the point mass in b. Since ∆ is compact, there is a countable dense subset of the set of bounded continuous functions on ∆. Hence, the above shows that, for
weakly as n → ∞ (43) for Q v 0 ,a -almost all Z ∞ . Recall that the Q v 0 ,a -distribution of α(Z ∞ ) (viz., P v 0 ,a ) is absolutely continuous with respect to Lebesgue measure on ∆ with the density φ v 0 ,a which is strictly positive in the interior of ∆. Hence, for Lebesguealmost all a ∈ ∆, there is a sequence a n ∈ ∆ such that P v 0 ,an ⇒ δ a weakly. By the Krein-Milman theorem, convex combinations of point masses are weak-star dense in the set of all measures on ∆. Using a standard argument, it follows that the set of convex combinations of the distributions P v 0 ,a is dense in the set of all probability measures on ∆. This completes the proof of the proposition.
4.4.
Computing some moments. For any edge e 0 ∈ E, we can calculate the probability that the mixture of Markov chains with mixing measure φ v 0 ,a dσ traverses e 0 back and forth starting at an endpoint of e 0 . This gives a closed form for certain moments of the prior P v 0 ,a . Proposition 4.6. For e 0 ∈ E \ E loop with endpoints v and v ′ , we have 
Proof. Case e 0 ∈ E \ E loop . Suppose v 0 is an endpoint of e 0 , say, v = v 0 . Then 46) this is the probability that the mixture of Markov chains traverses the edge e 0 back and forth starting at v 0 . By (19) Q v 0 ,a = P v 0 ,a . Hence, (46) equals the probability that an edge-reinforced random walk traverses e 0 back and forth, namely,
Here we used the fact that the sum of the weights of all edges incident to v ′ equals a v ′ + 1 after e 0 has been traversed once. This proves the claim in the case v 0 ∈ē 0 .
Suppose v 0 / ∈ē 0 . Define b := (b e ) e∈E by b e 0 := a e 0 + 2 and b e := a e for e ∈ E \ {e 0 }. Then, using the definition of φ v 0 ,a , we obtain
Using the definition of the normalizing constants Z v 0 ,a and Z v 0 ,b and the identity Γ(z + 1) = zΓ(z), it follows that
Since ∆ φ v 0 ,b (x) dσ(x) = 1, the claim follows by integrating both sides of (48) over ∆.
Case e 0 ∈ E loop . The proof follows the same line as in the case e 0 / ∈ E loop . Let e 0 = {v} be incident to v. We prove only the case v = v 0 . Defining b as above, (48) is valid with
= a e 0 (a e 0 + 1) (a v + 1)(a e 0 + 1) = a e 0 a v + 1 ;
here we used again the identity Γ(z + 1) = zΓ(z). The claim follows.
Recall the definitions (5) and (6) of k v (π) and k e (π) for a finite admissible path π in G. Abbreviate k v := k v (π), k e := k e (π). For x = (x e ) e∈E ∈ ∆, denote by Q x (π) the probability that the reversible Markov chain with transition probabilities induced by the weights (x e ) e∈E on the edges traverses the path π. Note that if π is a closed path, that is, if the starting point and endpoint of π agree, then Q x (π) is independent of the starting point of π. An argument as in the proof of Proposition 4.6 yields the following: Proposition 4.7. For any finite admissible path π starting at v 0 , we have
(a e + 2i)]
For any finite admissible path π with the same starting point and endpoint which avoids v 0 , we have
.
Here the empty product is defined to be 1.
If π is a closed path, we call Q x (π) a cycle probability. The transition probabilities of a Markov chain with finite state space V that visits every state with probability 1 are completely determined by all its cycle probabilities (see, e.g., [7] , Corollary on page 116).
4.5.
Simulating from the posterior. In this subsection we show how the posterior distribution of the unknown stationary distribution for the underlying Markov chain can be simulated using reinforced random walks.
Suppose our posterior distribution is
n ) n≥0 , i ≥ 1, be independent reinforced random walks with the same initial edge weights a = (a e ) e∈E . Let Z n ) equals the number of traversals of edge e by the process X (i) up to time n. Proposition 4.8. For any interval I ⊆ R and all e ∈ E, we have Proof. For every n, the random variables k e (Z
For the last equality we used (19) . Since Q v 0 ,a is a mixture of Markov chains, k e (Z n )/n converges to the normalized weight of the edge e Q v 0 ,a -a.s. and, hence, weakly. Since the limiting distribution is continuous,
and the claim follows. Proposition 4.9. For all e ∈ E,
Proof. By (19) , P v 0 ,a = Q v 0 ,a . Since the proportion k n (e)/n converges Q v 0 ,a -a.s. to the normalized weight of the edge e, the claim follows from the dominated convergence theorem. independence, |V |(|V | − 1) for full Markov and |V |(|V |−1) 2 − 1 for reversibility. As Table 1 indicates, these numbers vary widely for |V | large.
In this section we illustrate the use of our priors for testing a variety of simple hypotheses. Table 2 shows a genetic data set from the DNA sequence of the humane HLA-B gene. This gene plays a central role in the immune system. The data displayed in Table 2 Let n a , n c , n g and n t denote the number of occurrences of a, c, g and t, respectively, in the data displayed in Table 2 . Then 
See [9] for an extensive discussion. For H 1 , we use a Dirichlet (1, 1, 1, 1) prior. This yields
Thus, H 0 is strongly rejected. This is not surprising since the observed numbers of a, c, g, t are n a = 621, n c = 974, n g = 1064, n t = 711, respectively.
Here we use a Dirichlet (1, 1, 1, 1 ) prior for the null hypothesis and the prior based on the complete graph K 4 with loops (see Figure 5 ) and all edge weights equal to 1. The probability P (data|H 0 ) is calculated in Example A. In order to calculate P (data|H 1 ), we first determine the transition counts k e for our data (see Table 4 ) and also k v = n v − δ a (v):
We abbreviate E ′ = {{a, c}, {a, g}, {a, t}, {c, g}, {c, t}, {g, t}}. By the first part of Proposition 4.7,
(1 + 2i) So the Bayes factor is
and the null hypothesis is strongly rejected. The probability P (data|H 0 ) was calculated in Example B. Hence,
We see that a straightforward Bayes test rejects reversibility. Using the Bayes factors computed above, the null hypothesis is strongly rejected:
≈ 2.73887 · 10 −44 .
Of course, an i.i.d. process is a reversible Markov chain.
In using the Dirichlet prior for testing uniformity with multinomial data and for testing independence in contingency tables, I. J. Good found the symmetric Dirichlet prior with density proportional to an important tool. Good's many insights into these testing problems may be accessed through his book [9] and the survey article [10] .
We have used the analog of the symmetric Dirichlet for the reversible Markov chain context with all edge weights a e equal to a constant c say. As c tends to infinity, this prior tends to a point mass supported on the simple random walk on the graph. As c tends to zero, this prior tends to an improper prior which gives the maximum likelihood as its posterior.
Good also worked with c-mixtures of symmetric Dirichlet priors. We suspect that parallel, useful things can be done in our case as well. In large samples, these counts have limiting normal distributions by results of Höglund [11] . A second data analytic tool would be to estimate the stationary distribution [perhaps by the method of moments estimator ν(v) = 1 n |{i ≤ n : X i = v}|] and also estimate the transition matrix, and then compareν(v)k(v, v ′ ) withν(v ′ )k(v ′ , v).
An interesting problem not tackled here is finding natural priors on the set of reversible Markov chains with a fixed stationary distribution. For definiteness, consider the uniform stationary distribution. Then the problem is to put a prior on S(n), the symmetric doubly stochastic n × n matrices. We make two remarks. First, determining the Euclidean volume of S(n) is a long-standing open problem; see [1] for recent results. Second, S(n) is a compact, convex subset of R n 2 . Its extreme points are well known to be the symmetrized permutation matrices (see [17] ). Thus, if π is a permutation matrix on n letters with e(π) the usual n × n permutation matrix, let e(π) = 1 2 [e(π) + e(π −1 )]. The extreme points of S(n) are (ẽ(π)) as π ranges over permutations in S n . We may put a prior on S(n) by taking a random convex combination of theẽ(π). Alas, S(n) is not a simplex, so symmetric weights on the extreme points may not lead to symmetric measures on S(n).
